ON THE LINEARITY DEFECT OF THE RESIDUE FIELD

LIANA M. SEGA

ABSTRACT. Given a commutative Noetherian local ring R, the linearity de-
fect of a finitely generated R-module M, denoted 1dr (M), is an invariant that
measures how far M and its syzygies are from having a linear resolution. Mo-
tivated by a positive known answer in the graded case, we study the question
of whether 1dg (k) < oo implies 1dg (k) = 0. We give answers in special cases,
and we discuss several interpretations and refinements of the question.

INTRODUCTION

This paper is concerned with properties of the minimal free resolution of the
residue field k£ of a commutative Noetherian local ring R, and more precisely
with the observation that certain behavior of the tail of the resolution deter-
mines properties of its beginning. An instance of such behavior is displayed by
Castelnuovo-Mumford regularity: If A is a standard graded algebra over a field k
and reg 4 (k) < oo, then A is Koszul, cf. Avramov and Peeva [4].

We study an invariant related to regularity, defined for all local rings R: the
linearity defect of a finitely generated R-module M, denoted 1dg(M). This notion
was introduced by Herzog and Iyengar [8] and studied further by Iyengar and
Romer [9]. The definition is recalled in Section 1. We denote (—)® the associated
graded objects with respect to the maximal ideal m of R, and we recall here that
ldgr(M) < oo if and only if there exists a syzygy N of M such that N® has a linear
resolution over R8, and ldg(k) = 0 if and only if the algebra R® is Koszul.

Linearity defect can also be defined for standard graded k-algebras. If A is a
standard graded k-algebra, then 1d 4 (k) < oo implies reg 4 (k) = 0, cf. [8, 1.12, 1.13],
hence A is Koszul. A natural question, raised in [8], is whether this property can
be extended to local rings (R, m, k):

Question 1. If 1dr(k) < oo, does it follow that 1dg (k) = 07

We give an interpretation of the linearity defect in terms of the maps
v (M): Torf (M, R/m"*1) — Torl(M, R/m")

K2

induced by the canonical surjection R/m”Jrl — R/m"™. More precisely, we show
in Theorem 2.2 that 1dg(M) < oo if and only if v5 (M) = 0 for all n > 0, and
ldg(M) = 0 iff v25(M) = 0 for all n > 0. (The notation v5,(M) = 0 means
v’ (M) = 0 for all i > 0 and the notation vZ,(M) = 0 means v;'(M) = 0 for all
i > 0.) Based on this interpretation, Question 1 can be refined as follows:

Question 2. Let n > 0. If v5 (k) = 0, does it follow that vZy(k) = 07
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The maps v'(k) are connected to the Yoneda algebra E = Extg(k, k). Let R'
denote the subalgebra of E generated by Ext},(k, k). A result of Roos shows that
vio(k) = 0 if and only if E = R' and vio(k) = 0 if and only if E is finitely
generated as a module over R'. When n = 1, Question 2 can be reformulated thus
as follows:

Question 3. If E is finitely generated as a module over R', does it follow that
E=R"Y

As mentioned above, Question 1 has a a positive answer for standard graded
k-algebras. In this case, we show that Question 3 has a positive answer, as well;
see Corollary 5.7.

We further provide answers to these questions for a local ring (R, m, k), as indi-
cated below:

(1) Question 1 has a positive answer under any of the following assumptions:
(a) m® = 0 (Section 1);
(b) R is complete intersection and R® is Cohen-Macaulay (Section 6);
(¢) R is Golod and RE is Cohen-Macaulay (Section 7).

(2) Question 2 has a positive answer under any of the following assumptions:
(a) R is complete intersection and n =1 (Section 5);
(b) m"™™2 = 0. (Section 7).

(3) Question 3 has a positive answer under any of the following assumptions:
(a) R is complete intersection (Section 5);
(b) E is generated over R' in degree 2 (Section 5).

The paper is organized as follows.

In Section 1 we mainly introduce terminology. In Section 2 we prove the inter-
pretation of linearity defect ldg(M) in terms of the maps v*(M).

In Section 3 we note that ldg(k) = 0 implies ldg(m™) = 0 for all n and we
provide a (possible) generalization: We show that ldg(m™) < 1dg(k) for all n > 0.
We ask whether equality holds; note that a positive answer for n = 1 would give a
positive answer to Question 1.

In Section 4 we use a minimal Tate resolution of k to prove that V;O(ki) =0
implies v4 (k) = 0. The latter condition is shown in Section 5 to be equivalent to
the following quadratic property : If R =2 @/ a is a minimal Cohen presentation
with (Q,n, k) regular local and a C n?, then n® Na C na.

Section 5 makes the connections with the Yoneda algebra. Section 6 is concerned
with complete intersection rings, and Section 7 with Artinian and Golod rings.

1. LINEARITY DEFECT

In this section we establish notation, provide the definition of linearity defect,
and we introduce Question 1. Proposition 1.3 provides an easily available answer
in the radical cube zero case.

Throughout, (R, m, k) denotes a commutative Noetherian local ring; the notation
identifies m as the maximal ideal and k as the residue field. In addition, we assume
that m # 0. The embedding dimension of R, denoted edim R, is the minimal number
of generators of m, and the codimension of R, denoted codim R, is defined as the
number edim R — dim R.
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If M is a finitely generated R-module, then the ith Betti number of M is the
number

BE(M) = rank, Torl (M, k).
The Poincaré series of M over R is the formal power series
Pli(1) = Y R (M)t € ZIH].
i>0
The Hilbert series of M is the formal power series
Hilby (1) = ) _ ranky(m" M/m" ™ M)t" € Z[1] .
n>0

We let R® denote the associated graded ring and M€ denote the associated
graded module with respect to m; that is,

RE =P m"/m"" and M& =P m"M/m"" M.
n>0 n>0

1.1. Linearity defect. Let M be a finitely generated R-module and let

F= -~-—>F¢+1ﬁ>Fi—>-~-—>Fo—>0

be a minimal free resolution of M, with differential 0.
For any such F' one constructs the complex

in"(F) = -+ = Fi 8(—i—1) = F#(=i) » - > )8 = 0

with differentials induced from F. Herzog and Iyengar [8, 1.7] defined the linearity
defect of M to be the number:

ldg(M) = sup{i € Z | H;(lin™(F)) # 0}.

We make the convention that 1dg(0) = 0.

If Idg (M) = 0, we say, following [8], that M is a Koszul module. If k is Koszul,
we say that R is a Koszul ring. The connection with the classical Koszul algebra
notion, defined for standard graded rings, is as follows: R is a Koszul ring iff R® is
a Koszul algebra. Also, M is Koszul iff M® has a linear resolution over RE.

For an integer d, one has ldg(M) < d if and only if the dth syzygy module in a
minimal free resolution of M over R is Koszul.

If M is a Koszul R-module, then lin”(F) is a minimal free resolution of M® over
RE. Since this resolution is minimal and Hilbert series are additive on short exact
sequences, we have:

_ Hilbyy(—t)

(1.1.1) PE(t) =PI (t) = R

Remark 1.2. Let A be a standard graded algebra over a field k, and let m denote
its maximal irrelevant ideal. When NV is a finitely generated graded A-module, one
can define in the same manner the linearity defect 1d 4 (V) of N, by using a minimal
graded free resolution of N over A. All subsequent definitions and results can be
similarly adapted to the graded case.

As mentioned in the introduction, we are concerned with the following question:

Question 1. If ldg(k) < oo does it follow that R is Koszul?
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This question was posed in [8, 1.14], motivated by the fact that a positive answer
is available in the case of standard graded algebras; see [8, 1.13] for a proof of this
fact, and [8, 2.4] for a further discussion of the problem.

A positive answer in the case m® = 0 is easily available.

Proposition 1.3. Assume m® = 0. If there exists a finitely generated R-module
M such that lJdg(M) < oo, then R is Koszul.

Proof. Since ldr(M) < oo, there exists a syzygy N in a minimal free resolution of
M such that 1dg(N) = 0. Since m® = 0, one has that m*N = 0. The R&-module
N& then has a linear resolution, hence R® is Koszul, according to Avramov et. al.
[3, Theorem 1.6] O

2. THE MAPS "

In this section we introduce the maps v and begin their study. The main result
is Theorem 2.2, which provides an interpretation of linearity defect in terms of
these maps, and motivates Question 2. A connection with Castelnouvo-Mumford
regularity is made in Proposition 2.7, based on the proof of results of Herzog and
Iyengar [8].

2.1. Let M be a finitely generated R-module and F' a minimal free resolution of
M. For all integers n and ¢ we consider the map

(2.1.1) v (M): Torf (M, R/m™ 1) — Torf (M, R/m™)

induced in homology by the canonical surjection R/m"*! — R/m".
When M = k, we drop the module argument: We set v = v" (k).

Theorem 2.2. Let M be a finitely generated R-module. The following then hold:
(a) Ifi > 0 and F is a minimal free resolution of M, then H;(lin"(F)) = 0 4f
and only if vi’, (M) = 0= v{"(M) for all n > 0.
(b) ldr(M) < d if and only if v} (M) =0 for all i > d and all n > 0.
(¢) ldg(M) =0 if and only if v;*(M) =0 for alli >0 and all n > 0.

Obviously, parts (b) and (c) are immediate consequences of part (a). The proof
of (a) will be given after some preliminaries.

If s is an integer such that ;' = 0 for all i > s, we write vZ, = 0. The notation
V5o = 0 means that an integer s as above exists. Note that the statement of
Theorem 2.2 motivates Question 2 from the introduction.

We proceed now with some preparation for the proof of Theorem 2.2(a).

2.3. Let ¢ > 0 and n > 0. Computing homology in (2.1.1) by means of a minimal
free resolution F' of M and using the natural isomorphism F ®p R/mF = F/m*F
for k =n,n + 1, the map v]'(M) can be realized as the map

H;(F/m" "' F) — H;(F/m"F)

induced in homology by the canonical surjection of complexes F/m" ™' F — F/m"F.
The following statements are thus equivalent:

(1) v (M) =0;

(2) For every x € F; with dz € m" ;| there exists y € F;,; such that
x— 0y € m"Fy;

(3) For every = € F; with 9z € m" "1 F;_; there exists u € m"F}; such that
Ox = Ou.
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When n = 1, these conditions are also equivalent with
(2') If z € F; satisfies Oz € m?F,_;, then z € mF).

For the proof of the implication (2) = (3) take u = x — dy. For the proof of the
implication (3) = (2), take y such that dy = x —u, using the fact that H;(F) = 0.

Remark 2.4. Note that v = 0 for all n > 0. Indeed, let g1,...,g. be a minimal
generating set for m and consider a minimal free resolution F' of k£ with Fy = R
and F, = R®. Let z € I, with 8z € m"T!. Then there exist u1,...,u. € m" such
that 0z = w191 + -+ + uege. Let f1,..., fe € Fy such that df; = g; for all 7. If
u=uyf1+- -+ uecfe, then we have dz = Ou and u € m" Fy, hence condition (3) of
2.3 is satisfied.

Remark 2.5. Let ¢: (R,m, k) — (R',m’ k) be a flat homomorphism of local rings
such that ¢(m) = m’; in particular, ¢ is faithfully flat. Let M be a finitely generated
R-module and set M’ = M @ R'. When considering the maps v™(M'), we regard
M’ as an R'-module. Standard arguments show that for all integers n, i we have
v (M) = 0 iff (M) = 0. Also, if F is a minimal free resolution of M over R,

then F' = F ®p R’ is a minimal free resolution of F' over R’ and H;(ling(F)) =0
if and only if H;(ling (F")) = 0. In particular, Idg(M) = ldg (M").

2.6. Notation. Set U = lin™(F). Note that U is a complex of graded R&-modules,
and we will denote by H;(U); the jth graded component of the ith homology
module H;(U). For all integers j and s, one has that H;(U);, is the homology of
the complex:

(261) ms_le+1/mst+1 — mst/ms“Fj — ms"'le,l/mS"‘QFj,l

with differentials induced by the differential 0 of the complex F. We will use 0
to denote the differential of this complex, as well. If x € m*F; we denote T the
image of z in m*F;/m**'F;. Note that 9z € m*™'F;_; and, with the notational
convention above, one has () = .

Proof of Theorem 2.2(a). In Remark 2.5, we may take R’ to be the m-adic com-
pletion of R. Consequently, we may assume that R is complete. Let U be as in
2.6.

Let ¢ > 0. Assume that H;(U) = 0, hence H;(U);4, = 0 for all s. Let n > 0. We
want to prove that v}, (M) = 0 = v;"(M). To do so, we will verify condition (3)
of 2.3, with the appropriate indices.

To show v}, (M) =0, let € Fiy1 with 9z € m""'F;. Note that 0z is a cycle
in Uj i4ny1. Since H;(U)itnt1 = 0, we have that 9z = Jug for some ug € m"F 1.
Then d(z —up) € m" 2 F;. Using inductively this reasoning, we obtain that for each
k > 0 there exists u;, € m"T*F; such that 8z — dug — dug — - - — Quy, € m"H2TF ;.
Since R is assumed complete, we can set u = ug +u3 + - -+. Then v € m"F;; and
O0x — Ou = 0. This shows that v, ; (M) = 0, using 2.3.

We now show v*(M) = 0. We will prove this by induction on n > 0. Obviously,
one has v?(M) = 0. Assume now that n > 0 and vf(M) = 0 for k < n. Let
z € F; with 0z € m"™'F,_;. In particular, 9z € m"F;_;. Since we assumed
v~ (M) = 0, condition (3) of 2.3 gives that there exists v’ € m"~'F; such dz =
Ou'. Considering u’ as an element in Uiitn—1 = m"_lFZ-/m"FZ-, we have ou/ = 0.
Since H;(U);4n—1 = 0, there exists z € m"*QFHl/m”*lFiH such that v/ = 0z in
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m" ! F;/m"F;, hence ' — 0z € m"F;. We take then u = u' — 9z and note that
u € m"F; and 0x = Ou. This shows v]'(M) = 0, using 2.3.

Assume now that v’ (M) = v'(M) = 0 for all n > 0; we use again 2.3 to
translate below these conditions. Let s > 0. We will show that H;(U);4+s = 0. Let
S msFi/mSHFi with 97 = 0 in mSHFi_l/m”ZFi_l. Thus 0z € mSHFi_l. Since
VST (M) = 0, there exists y € m* T F; and u € F;,; such that £ — y = Ou. Then

?

du € m*F; and the fact that 17} (M) = 0 shows that du = w with w € m* ™' Fj, .
Thus z = y+ 0w, with y € m* "' F; and w € m* ' F; ., hence T = 9w in U, showing

that Hi(U)i+s = 0. U

In the graded case, the maps ' are related to the Castelnuovo-Mumford reg-
ularity, denoted reg(—). Analyzing the proof [8, 1.12, 1.13], we identify below a
weaker hypothesis, in terms of the maps v!. We repeat the main steps of the proofs
given in loc. cit., with the purpose of making sure that the weaker hypothesis is
indeed sufficient.

Proposition 2.7. Let A be a standard graded k-algebra, and N a graded finitely
generated A-module. If v o(N) =0, then reg,(N) < cc.
In particular, if ugo(k) =0, then A is Koszul.

Proof. (Following [8, 1.12, 1.13].) We denote m the maximal irrelevant ideal of
A. Let F be a minimal free graded resolution of N over A. As described in [8,
1.11], U = lin (F') decomposes as a direct sum of the linear strands complexes F'",
defined in loc. cit., and reg 4(N) is equal to sup{r € Z | F" # 0}.

For each r, let n(r) denote the least integer such that (F"),y # 0. If reg 4 (N)
is infinite, then, as noted in the proof of [8, 1.12], there exists an infinite sequence
ry <re < -+ with n(rq) <n(rg) <---. Since (F™), =0 for n < n(rs) and F™ is
minimal, it follows that there exists a nonzero element of bidegree (n(rs), n(rs)+rs)
in F"* ®k. This element corresponds to a nonzero element of bidegree (n(rs), n(rs))
in H(U). In particular, there exists an element z; in For,) ~ mFy -y such that
Oxrs € m2Fn(Ts),1, and this shows, using 2.3(2’), that V}L(Ts)(N) # 0 for each s.
This contradicts the assumption that v4 o (N) = 0.

For the last statement, one uses the result of Avramov and Peeva [4, (2)]: If
reg 4 (k) < oo, then A is Koszul. O

Applying Theorem 2.2, one obtains the statement of [8, 1.13]:

Corollary 2.8. Let A be a standard graded algebra. If 1da(k) < oo, then A is
Koszul.

3. THE LINEARITY DEFECT OF POWERS OF THE MAXIMAL IDEAL

The powers of the maximal ideal and, more generally, modules of the form m™ M
with n > 0 and m™ M # 0, are known to share some of the asymptotic properties of
the residue field; for example, they have the same complexity. With this thought in
mind, we proceed to investigate the connection between ldr(k) and ldgp(m™). We
prove in Proposition 3.2 an inequality between these numbers.

Remark 3.1. If 1dr(k) = 0, then ldg(m™) = 0 for all n.
Indeed, if Idg(k) = 0 then R is Koszul and R® is a Koszul algebra. Then (m8)>,
has a linear resolution over R® by [9, 5.4], hence ldg(m™) = 0.
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The next proposition provides a possibly more general result.
Proposition 3.2. 1dg(m™) <1dg(k) for all n.
Proof. Given a finite R-module M, recall that
v (M): Torf (M, R/m"1) — Torf(M, R/m™)
is induced by the surjection R/m" ™' — R/m". We (ab)use the same notation for
the avatar of this map which arises by switching the module entries:
v (M): Torf(R/m™ 1 M) — Torf(R/m™ M).
We set M = M/mM.
Let 4 > 1 and p,q > 0. Consider the exact sequence
0—m" — R/m"™ - R/m™ =0
for n = p and n = ¢ and the induced commutative diagram with exact rows and
columns.

P(ma
Ri— R vi (m) Ri— R R (= =%
TOI‘i (mq’ mp+1) TOI‘i (mqa W) Tori—l(mqvmp)
P q+1
R/ R Ry Vi (B/miT) R/ R R o R (R -5
Tor; (mq+1a mp+1) Tor; (mq+1 ) W) Tori—l(qurl?mp)
JV?(R/mp'*'l) JV?(R/mP) Jufl(ml')
P(R/m7) 8 _
R/R R vi( R/R R R (R
Tor;" (15 morr) Tor;" (55 mp) — Tor;L (&5, mP)

Set ldg(k) = d and assume ¢ > d + 1. Then v}*; = v = 0 for all n > 0,
by Theorem 2.2. Since m? and m? are k-vector spaces, we also have v ;(mP) =
vP(ma) = 0.

Claim 1. If v}(R/mP*) = 0, then v*(R/mI*!) = 0.
Claim 2. If v¥(R/m?) = 0, then v (R/m”) = 0.

Claim 1 is obtained by analyzing the upper left square of the diagram: If
V{(R/mPT!) = 0, then v is surjective. Since v”(m?) = 0, the commutativity of
the square gives that v7(R/m?"") oy = 0, hence v/ (R/m?™!) = 0.

Claim 2 is obtained by analyzing the lower right square of the diagram: If
v’(R/m?) = 0, then the map f3 is injective. Since v{ ;(mP) = 0, the commutativity
of the square yields that 8o v](R/m”) = 0, hence v{(R/m?) = 0.

Hence these claims hold for all p,q > 0. Note that v?(R/m?"*) = 0 for ¢ = 0,
since v = 0. We then apply Claim 2 and we get v; (R/m?) = 0. Then we apply
Claim 1 and we get v’~'(R/m?) = 0. Then Claim 2 yields v2(R/mP~!) = 0. An
inductive repeated use of Claim 1 and Claim 2 then yields that v/ (R/m?) = 0 for
all p,g > 0 and all ¢ > d 4+ 1. Using Theorem 2.2 we conclude ldg(R/m?) < d+1
for all p > 0.

If n > 0 and m™ # 0, then m” is a first syzygy in a minimal free resolution of
R/m™ and we conclude ldg(m™) < max{0,ldr(R/m") — 1} < d =1dg(k). O

Question 3.3. Is it true that ldg(m™) = 1dg(k) for all n > 07

Note that for n = 1 this question subsumes Question 1 in the introduction, for
if ldg(k) < oo then ldg(m) = ldg(k) — 1, unless 1dr (k) = 0.



8 L. M. SEGA

4. TATE RESOLUTIONS AND THE MAP v!

In this section we are concerned with Question 2 in the introduction, for n = 1:
If vi, = 0, does it follow that v1, = 0?7 Proposition 4.1, whose proof uses Tate
resolutions, gives a partial answer.

Recall that v = 0 for all n > 0, as noted in Remark 2.4. In particular, the
condition v{ = 0 holds for all local rings (R, m,k). However, as we will see in
Section 5, the condition v3 = 0 does not hold for all rings.

Proposition 4.1. If vy, =0 for some n > 0, then vy = 0.
Some preliminaries are needed.

4.2. Divided powers and Tate resolutions. A system of divided powers on a graded
R-algebra A is an operation that for each j > 1 and each i > 0 assigns to every
a € Ay; an element o) € As;j; , subject to certain axioms; cf. [7, 1.7.1]. A DGI" R-
algebra is a DG R -algebra A with divided powers compatible with the differential 0
of A: 3(a) = d(a)a =Y. We denote by || the homological degree of an element
x.

Given a set & = {z; | |z;] > 1}, we let A(x) denote a DGI" algebra with

A®R/\f( @ Rm) XR rf( @ Rx)
rET TET
|z] odd |z| even
as underlying graded algebra and differential compatible with that of A and the
divided powers of = € x.

A Tate resolution of a surjective ring homomorphism R — T is a quasi-isomor-
phism R(x) — T, where @ = {z;};>1 and |z;| > |z;| > 1 holds for all j > ¢ > 1.
Such a resolution always exists: see [7, 1.2.4]. Furthermore, such a resolution
can be chosen minimally, as described in [1, Construction 6.3.1]; for T = k this
construction yields a minimal free resolution of k, which we shall call a minimal
Tate resolution of k over R.

For each sequence of integers 1 < --- < v and each sequence of integers i, >

v
ered to be a normal monomial. The normal monomials form the standard basis of
R(x), considered as a graded algebra over R.
For each o > 0 we set

1,...,7, > 1, the product :z:fj“) ...z i called a normal I'-monomial; 1 is consid-

L= {i > 0: o] = 1}

Proof of Proposition 4.1. Let F' = R(x) be a minimal Tate resolution of k. Let
B be the standard basis of F' over R, as described above. We will interpret the
vanishing of the maps v} in terms of condition (2’) in 2.3, which states that v} = 0
if and only if the following holds: If A € F; satisfies 04 € m®>F;_1, then A € mF}.

Assume that vs, = 0 and let A € F, such that 9A € m?*F,. Expressing this
element in terms of the basis BB, we have:

A= E ajx; + E bijxixj
lels i,5€11,1<]

with a;,b;; € R for | € I and ¢,j € I; with 7 < j. Since A ¢ Fy, satisfies
OA™ = 9A - A"D e m2F,, 1, the hypothesis that I/%n = 0 yields AM™ € mFy,.
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The coefficient of xl(”) in the expression of A" in terms of the basis B is ay’, hence
a; € m and thus a¢; € m. Consider now the element:

A/ =A- Z arxr; = Z bijﬂfil'j
I€T, g€l i<j
To show A € mF, it suffices to show A’ € mF. Note that A’ € m?F, since
OA € m*F and a; € m.
If i > j, we set bj; = bj;. We compute next dA’, and we note that for each z;
with j € Iy, the coefficient of z; in A’ is

Cj = Z :tb”al'z
i€11,i#]
Since {;};er, is a basis for Fy and 04’ € m*F, we conclude ¢; € m*. Recall that
F is a minimal resolution of k. In particular, {0z; };cr, is a minimal generating set
for m. We conclude that b;; € m, hence A’ € mF and thus A € mF. O

The next result will be needed later.

Lemma 4.3. Let R = R/I, with I C m2. Let R = Q/a be a minimal Cohen
presentation of R, with (Q,n, k) a regular local ring and a C n?, and write R = Q/b
for some b with a C b C n2.

Then the map Tor§ (k,k): Tors(k, k) — Torg?’l (k, k) induced by the projection
0: R— R is injective if and only if a Nnb C na.

Some preliminaries are needed for the proof.

4.4. Let A be a DGI" algebra and let A~ denote the ideal of elements of positive
degree. The module of indecomposables of A is the quotient of A-g by the sub-
module generated by all elements of the form uv with u,v € A~ and w™ with
w € Ag;, for n > 0, i > 0. We denote by 7,(R) the module of I-indecomposables
of Torf(k, k), where the DGT algebra structure on Tor’(k, k) is induced from a
minimal Tate resolution of k. A surjective homomorphism ¢: R — R’ of local rings
induces canonically a map . (p): m.(R) = m(R').

Proof of Lemma 4.3. The injectivity of the map Tors (k, k) is invariant under com-
pletion, hence we may assume R = Q/a and R’ = Q/b.

Note that 7 (@) = Tor? (k, k) is an isomorphism, since both 7 (R) = Tor{*(k, k)
and m(R') = Torf‘l (k, k) can be canonically identified with n/n?.

In view of [2, Corollary 1.3(b)-(c)], the kernel of the map Tory (k,k) can be
identified with the kernel of the map m2(p). The proof of [7, Proposition 3.3.4]
canonically identifies mo(R) with a/na and m2(R’) with b/nb. Thus the map m2(¢)
can be canonically indentified with the map a/na — b/nb induced by the inclusion
a C b. The kernel of this map is (a Nnb)/na, and the conclusion follows. O

5. FINITE GENERATION OF THE YONEDA ALGEBRA OVER THE KOSZUL DUAL

We consider now the graded algebra with Yoneda product E = Extg(k, k). Let
R' denote the k-subalgebra of E = Extg(k, k) generated by its elements of degree
1; this is sometimes referred to as the Koszul dual of R. Note that the Yoneda
product gives E a structure of right module over R'.

In this section we consider the following;:
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Question 3. If E is finitely generated as a right module over R, does it follow that
E=R"Y

As discussed after Theorem 5.5, Question 3 arises by interpreting Question 2 in
view of the following observation:

Remark 5.1. Let i > 0. Then uil = 0 if and only if the Yoneda multiplication map
E1 @ F' — E' is surjective.

Indeed, note that v} = 0 if and only if Hompg(v}, k) = 0 if and only if the map
Exth(k, k) — BExth(R/m? k) induced by the projection R — R/m? is zero. The
statement then follows by applying a result of Roos [12, Corollary 1].

For i = 1, we recover the fact that v{ = 0.

Let p;: Extzé/mz (k, k) — Ext%(k:, k) denote the graded algebra map induced by
the canonical projection R — R/m?.

Lemma 5.2. Let i > 0. Consider the following statements:
(a) p; is surjective;
(b) pit1 is surjective;
(c) Vi1+1 =0.
Then: (b) implies (c); (a) and (c) imply (b).
In particular, vy = 0 if and only if py is surjective.

Proof. Consider the commutative diagram:

Bxti Lo (k, k) prvt ExtiF (k, k)

| |

Exctly 2 (£, k) @ Bxth 2 (k, k) PO Bty (k, k) @ Exth(k, k)

where the vertical maps are Yoneda products. Note that the left vertical map is
an isomorphism, because Extg/m2 (K, k) is the free tensor algebra on Ext}%/mz (k, k),
cf. [12, Corollary 3]. Also, note that p; is an isomorphism. The conclusion then
follows from the commutativity of the diagram and 5.1. (]

We can reformulate Question 2 in the introduction, for n = 1, in terms of the
maps p:

Question 5.3. If ps is surjective, does it follow that p~¢ is surjective?

Let R = Q/a be a minimal Cohen presentation of R, with (Q,n) a regular local
ring and a C n?. Noting that the left-hand side is independent on the choice of the
presentation, we set:

s(R) = inf{i > 1| ann’™ C na}
Lemma 5.4. vy = 0 if and only if s(R) = 1.

Proof. As proved above, 1/21 = 0 if and only if ps is surjective. The induced map
Hompg(p2, k) can be indentified with the map

Tory (k, k): Torf(k, k) — Tor;%/1112 (k, k)

induced by the surjection p: R — R/m?. Hence py is surjective if and only if
Tory (k, k) is injective. Apply then Lemma 4.3. O
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We are now ready to translate information about the maps v! in terms of the
Yoneda algebra. When we talk about finite generation of E over R', we mean finite
generation as a right R'-module.

Theorem 5.5. Let r > 1. The following implications hold:

5
V;0=0<(——)>E=R!

<1>ﬂ ®)

E is generated over R'
I —e——
vor =0 by elements of degree r

(6)
@ ﬂ (4)
(7)

Vi =0é&=——-——=5(R) =1

Proof. The equivalences (5) and (6) are given by 5.1. The implication (2) is given
by Proposition 4.1. The equivalence (7) is given by Lemma 5.4. O

In view of the implications (5) and (6) in the Theorem, observe that Question
2 in the introduction can be reformulated, for n = 1, as follows: Is the implication
(3) reversible? This is in fact Question 3. We give below some answers.

Corollary 5.6. If Extgr(k, k) is generated over R' by its elements of degree 2, then
Extgr(k, k) = R

Proof. Recall that v{ = 0. The implication (2) in Theorem 5.5 shows then that
1/;2 = 0 if and only if 1/;0 = 0. The conclusion is then given by the equivalences
(5) and (6). O

Corollary 5.7. Let A be a standard graded k-algebra. If Exta(k,k) is finitely
generated over A', then Ext(k,k) = A" and A is Koszul.

Proof. Use Proposition 2.7 and the graded version of the equivalence (6) in the
Theorem to conclude that Ext,(k,k) = A'. This is a known characterization of
Koszul algebras. O

We say that R is complete intersection if R = Q/(f1, -, fe) with (Q,n, k) a
regular local ring and f = f1,..., f. is a regular sequence. Note that ¢ = codim R.

Corollary 5.8. Assume R is complete intersection. If Extr(k, k) is finitely gen-
erated over R', then Extr(k, k) = R".

Proof. Assume R is complete intersection. In this case, the equality s(R) = 1 is
equivalent to Extr(k, k) = R'; this can be seen from [13, 5.3, 5.4(2)]. In particular,
all implications in the diagram in Theorem 5.5 are reversible. (]

We now record some consequences in terms of the linearity defect, which follow
immediately from the results above and Theorem 2.2.

Corollary 5.9. Ifldg(k) < oo, then s(R) = 1.

Corollary 5.10. Assume that 1dg(k) < co. If either 1dg(k) < 2 or R is complete
intersection, then Extg(k,k) = R
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6. COMPLETE INTERSECTION RINGS

In this section we answer positively Question 1 for complete intersection rings,
under the additional assumption that R® is Cohen-Macaulay.

6.1. Set dim R = d. If M is a finitely generated R-module of dimension d, recall,
cf. [6, 4.1.8, 4.1.9], that

Qum(t)
(1—t)
for some polynomial Qs (t) € Z[t] with Qp(1) # 0. We define the multiplicity
of M, denoted e(M), by setting e(M) = Qu(1). We set e(M) = 0 whenever

dim M < d. With this definition, e(—) is exact on short exact sequences, see [6,
4.6.7].

(6.1.1) Hilby (t) =

Lemma 6.2. Let R be a d-dimensional Cohen-Macaulay local ring. Assume that
P (t) = A(t)/B(t) with A(t), B(t) relatively prime polynomials in Zl[t].

If ldg(M) < oo, then B(—1) #0 and e(M)/e(R) = A(—1)/B(-1).
Proof. Set f; = BE(M). Let K be a Koszul syzygy of M so that depth K >

depth R. Since R is Cohen-Macaulay, we have that dim K = d.
We have an exact sequence:

(6.2.1) 0K =R 5 R ... 5 R 5 RO 5 M —0.
Since K is Koszul, (1.1.1) gives

R,  Hilbg(—t)
(6.2.2) Pr(t) = Hilbs(—1)
As recalled in (6.1.1), we also have
. Qi (t . Qr(t
(6.2.3) Hilb (1) = 5 K (t))d and - Hilba(t) = 7 f(t))d

for Qr(t), Qk(t) € Z[t] with Qk (1) = e(K) and Qr(1) = e(R).
The hypothesis and the choice of K give that

A(t)

(6.2.4) B P (t) = Bo+ Bit + -+ + But™ + PR(t) - 1"
plugging in (6.2.2) and (6.2.3) into (6.2.4), we have:
on L Q=)
A multiplicity count in the exact sequence (6.2.1) gives:
(6.2.6) (Bo = Br+ -+ (=1)"Ba)e(R) = e(M) — (=1)""e(K)

We then plug in ¢t = —1 into (6.2.5). Note that Qx (1) = e(K) and Qr(1) = e(R).
We then use (6.2.6) in order to conclude:

A(=1)  e(M) — (=)™ le(K) n Qk(1) (—1)m+
B(-1) e(R) Qr(1)
M) = (CK) | oK) |y e(M)
= c(R) tom Y o(R)
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A sequence x = x1,...,x,, is said to be strictly regular if the initial forms
xy,...,x;, form a regular sequence in R8. A strictly regular sequence is, in partic-
ular, a regular sequence in R.

Lemma 6.3. If x € m ~ m? is a strictly reqular sequence on R, then ldg(k) =
1Ry () (k).

Proof. We may assume that x consists of a single element z. Since z is strictly
regular, we have (m"*': z) C m" for all n. Then apply [13, 8.7] together with
Theorem 2.2. (Il

Remark 6.4. Let R be a ring of dimension d such that R® is Cohen-Macaulay.
Consider the ring R' = R|[t]m). The residue field of R’ is infinite and the natural
map R — R’ is faithfully flat. We can then choose a strictly regular sequence
g = gi,...,9a such that the length of R” = R'/(g) is equal to e(R). Note that
edim R” = codim R.

Since the map of local rings : (R,m, k) — (R',m’ k') is faithfully flat, with
o(m) = m’, we have that ldg(k) = ldg/ (k). Furthermore, Lemma 6.3 yields that
ldg(k) = ldg~ (k).

If R is complete intersection of codimension ¢, then it is known e(R) > 2¢, cf. [5,
§7, Proposition 7]. We say that R has minimal multiplicity if e(R) = 2°.
Theorem 6.5. If R is a complete intersection, then the following statements are
equivalent:

(a) ldg(k) =0;

(b) R has minimal multiplicity.

Furthermore, if R® is Cohen-Macaulay, then they are also equivalent to

(c) ldr(k) < 0.

Remark 6.6. If R is a d-dimensional complete intersection ring of embedding di-

mension e and codimension ¢, then d = e — ¢ and a result of Tate and Zariski, see
for example [7, 3.4.3], gives

1+8)°  (1+t)?

6.1 PR(t) = = .

(66 ) k:(t) (17t2)c (1715)6

Proof. (a) = (b): If ldgr(k) = 0, then R® is a Koszul ring. We use then (1.1.1)
and (6.1.1) to conclude

1 (1+0)?

Hilbr(—t)  Qr(-t)
Comparing this with the formula (6.6.1), it follows that Qgr(t) = (1 + ¢)¢, hence
G(R) = QR(l) = 2¢

(b) = (a): If R is a complete intersection of minimal multiplicity, then R® is
a complete interesection of quadrics, hence R® is Koszul.

Obviously, (a) = (c).

Assume now that R® is Cohen-Macaulay.

(c) = (b): Note that we may replace R with the ring R” of Remark 6.4. We
may assume thus that d = 0.

Then (6.6.1) gives PE(t) =

0

1
W- Using Lemma 6.2 with M = k, we conclude
e(R) = 2° hence R has minimal multiplicity. 0
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7. ARTINIAN AND GOLOD RINGS

In this section we use a result of Martsinkovsky to provide more evidence for
Question 2 in the case of Artinian rings (Theorem 7.1). We also settle Question 1
in the case of Golod rings R with R® Cohen-Macaulay, using results of Avramov
and Levin (Theorem 7.2).

not=0.

Theorem 7.1. Assume R is Artinian with m" ! =0. If 1/;51 =0, then vZ,

Proof. For integers i, s denote

75 Exth(m®™1 k) — Exth(m®, k)

the map induced in cohomology by the inclusion m® < m*~*.

If i > 1 and s > 0, note that v = 0 if and only if Hompg(v], k) = 0. Using the
natural isomorphisms Exts(R/m?, k) = Ext’y ' (m® k) for a = s, s+ 1, we conclude
that v§ = 0 if and only if y; 1] = 0.

K3
Let 5 > 0 and assume that ¢ large enough so that l/ﬁflerl =0, thus 774 ; = 0.

Consider now the commutative diagram below, where where a = E* ® ;' and
B = 7v4,; = 0, the vertical arrows are given by the Yoneda product, and the
isomorphisms are due to the fact that m™ is a k-vector space, since m"*! = 0. The
rightmost square is induced by choosing a certain projection Hom(m”, k) — k; the
choice of this projection will be discussed later.

E' @ Extl,(m™1, k) 25 E' © Ext’,(m", k) — E' @ B/ @ Hom(m", k) — E' ® E/

| J J |

ExtiH (mm=1 k) s Bxt'H (m", k) —— B+ @ Hom(m", k) — Ei+d

Assume that V;ill
ment in Exti‘,‘(m”*l, k) whose image 6 in Extz%(m”, k) under ~;" is non-zero. The
commutativity of the left square yields that the Yoneda product ¢#f is zero for all
v e E.

Let 6 denote the image of # in £/ ® Hom(m", k). The commutativity of the
middle square shows that gpgz 0 for all ¢ € E*. Since 0 = 0, we can now construct
the right square in the diagram by choosing a projection Hom(m", k) — k in such a
way that the image of # under the induced map £/ @ Hom(m™, k) — E @ k —» E7
remains nonzero. Let 6 denote this image.

The commutativity of the right square shows then that ¢f = 0 for all ¢ € E".
The element 6 of E is thus annihilated by all elements of E of sufficiently large
degree. This is a contradiction, according to the proof of [11, Theorem 6.

n—1

The contradiction shows that v/'7" = 0 for all j > 0. Recalling that vrt=0
by 2.4, we conclude that Vzal =0. |

# 0, or, equivalently, that ;" # 0. There exists thus an ele-

If R is a Cohen-Macaulay ring, then one has an inequality codim R < e(R) — 1.
If equality holds, we say that R has minimal multiplicity (as a Cohen-Macaulay
ring). We talked earlier about minimal multiplicity for complete intersections, and
one should distinguish between the two notions. In particular, note that a complete
intersection ring R has minimal multiplicity as a Cohen-Macaulay ring only when
codim R < 1.
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Besides complete intersections, Golod rings constitute another major class of
rings for which the homological behavior of modules is fairly well understood. Since
the definition of such rings is somewhat technical, we refer to [1, §5] for the definition
and properties.

Theorem 7.2. If R is Golod and R® is Cohen-Macaulay, then the following state-
ments are equivalent:

(a) ldgr(k) = 0;

(b) 1dp(k) < oo;

(¢) R has minimal multiplicity.

Remark 7.3. Assume that R is as in the hypothesis of the Corollary, and let R’
and R” as in Remark 6.4. Since ¢: (R,m, k) — (R',m’, k') is faithfully flat, with
@(m) = m’, note that R is Golod and R'® Cohen-Macaulay. Also, since the strictly
regular sequence g is contained in m ~. m?, note that R” is Golod, as well, see 1,
5.2.4]

Proof. Using Remarks 6.4 and 7.3, we may assume that R is Artinian.

(c) = (a): Since R is Artinian of minimal multiplicity, we have m* = 0. One
has R = R® and RE is obviously Koszul.

(b) = (c): Let n be such that m"™ = 0 and m" # 0. By Theorem 7.1 and
Theorem 2.2, we have that 1/251 = 0. If n > 2, then the natural map R — R/m"
is Golod (cf. Levin [10, 3.15]) and thus small (cf. Avramov [2, 3.5]). Since the only
small ideal of a Golod Artinian ring is (0), see [2, 4.7], we must have m" = 0, a
contradiction.We conclude n < 1, hence m? = 0.

Since (a) obviously implies (b), the proof is completed. O
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